
Linear Momentum,

Collisions, and the Center

of Mass

I
n the world around us collisions are commonplace-think of raindrops colliding

with the ground or ocean waves with the shore, the collision of a golf club with

the ball, or the gentle collision of a mother taking a baby in her arms. Behind

these everyday scenes are the incessant motion of air molecules and their collisions.

Even the distant interactions between stars in the galaxy can be thought of as colli-

sions-slow ones, for the most part. Behind the complexity of these collisions we can

find a great simplification, the conservation of a new quantity called the momentum.

The momentum is simply formed as the product of the mass and velocity of a particle,

and its importance is associated with the fact that Newton's laws are very simply re-

stated in terms of it. In particular, Newton's third law then shows us that momentum is

conserved within an isolated system of particles-a system free from net external

forces, such as when two hockey pucks sliding on ice collide-no matter how complex

the internal interactions of the particles making up the system. In other words, the total

momentum of such a system is constant. The conservation of momentum is enor-

mously useful for understanding the behavior of colliding objects, and there are good

~ The two soccer (football) players

collide inelastically with each other, but

collide almost elastically with the ball.

Wewill study collisions in this chapter

and learn that linear momentum is

always conserved in such collisions.
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210 I Linear Momentum, Collisions, and the Center of Mass

practical reasons for wanting to understand collisions-much of our information about

the world on the atomic scale and below and about the structure of materials comes

from observing collisions in one form or another.

As we study the momentum of a system, we will learn that there is a particular

point of the system-the center of mass-which moves in an especially simple way. For

an isolated system, the center of mass moves without acceleration. When external

forces act on the system, the center of mass accelerates according to Newton's second

law just as a point object does.

8-1 Momentum and Its Conservation

Newton's second law, I' = mii, describes how forces change the motion of objects. In

previous chapters this law has been expressed in terms of the mass and the acceleration

of an object. Another form of the second law is applicable even if the mass changes, as

for an airplane when it consumes fuel. This more general form of the second law is

~ d(mv)
Fnet = ---.

dt
(8-1)

The combination mass times velocity, mv, is called the linear momentum, or just

momentum, of an object. We denote this quantity by p:

p"" mv. (8-2)

LINEAR MOMENTUM

The momentum of an object is a vector whose direction is that of the velocity. Its di-

mensions are those of a mass times a velocity, namely, [MLT-1]; in SI, the units of mo-

mentum are kilogram-meters per second.

In terms of momentum, the second law [Eq. (8-1)] has the general form

~ dp
Fnet =-.

dt
(8-3)

NEWTON'S SECOND LAW

The kinetic energy of an object can also be expressed in terms of the momentum:

1 p2
K = -mv2 = - (8-4)

2 'Im'

where p is the magnitude of the momentum. From Eq. (8-3) it can be seen that when a

large net force acts on an object, the object's momentum will change rapidly and a small

net force will result in a slow momentum change.

CONCEPTUAL EXAMPLE 8-1 The same net force acts

on a table tennis ball and a bowling ball. Compare the rates at which

their momenta change.

the rate at which the velocity changes-the acceleration-which will

be significantly less for the bowling ball than for the table tennis ball.

We asked for the rate of change of momentum, and that is precisely

given by the force acting [Eq. (8-3)]. The rate of momentum change

is the same for each ball since the net force acting on each is the

same.

Answer This is a bit like the trick question "Which weighs

more, a pound of feathers or a pound of nails?" We did not ask for

Conservation of Momentum

When objects exert a force on one another, we say they interact. Let's consider the inter-

action between objects 1 and 2 in both parts of Fig. 8-1. The two objects may be in con-

tact, as in a collision of two billiard balls (Fig. 8-la), or they may exert a force on each

other at a distance, as in the gravitational attraction between Earth and the Moon, or they

may be connected by a spring (Fig. 8-1b). Let F12 denote the force exerted on object 1
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by object 2 and let F2I denote the force exerted on object 2 by object 1 (the first subscript
always labels the object that is acted upon). Then, Newton's third law states that

(8-5)

When it is expressed in terms of momentum, Newton's second law [Eq. (8-3)] tells

us that the rate of change of each object's momentum is the force acting on it:

d15I ~
& = F12,

dh

dt

Addition of these two equations leads to

d15l d152 ~ ~
- + - = FI2 - FI2 = 0;
dt dt

d(15I + lh)
----=0.

dt

As a consequence,

for zero net external force: PI + 152= a constant.

(8-6)

(8-7)

(a)

(8-8) (b)

••. FIGURE 8-1 (a) Two billiard balls

at the moment of collision and (b) two

masses connected by a spring. In each

case, the objects exert forces on one

another. Here FI2 is the force exerted on
object 1 by object 2, and F21 is the force
exerted on object 2 by object 1. In these

collisions, the forces are contact forces

although, in general, physical contact is

not necessary for two objects to exert

forces on one another.

(8-9)

CONSERVATION OF MOMENTUM

We will see below that this result is not confined to two objects. In words, Newton's

third law implies that

the sum of the momenta of an isolated system of objects is a constant, no

matter what forces act between the objects making up the system.

This is called the principle of conservation of momentum. Like the principle of con-

servation of energy, the conservation of momentum is important both as a general prin-

ciple and as a powerful tool for solving problems.

EXAMPLE 8-2 A cue ball moves with a velocity of 1.20 m/s

in the +y-direction on a billiard table and strikes an equally massive

ball initially at rest (Fig. 8-2a). The cue ball is deflected so that its

velocity has a component of 0.80 rn/s in the +y-direction and a

component of 0.56 m/s in the + x-direction (Fig. 8-2b). What is the

velocity of the struck ball immediately after the collision?

L
X

L
X

V
1f

~ ~:}o.80 m/s

~ y
+ 0.56 m/s

Before After

(a) (b)

••. FIGURE 8-2 Two colliding billiard balls. (a) Before the

collision. (b) After the collision.

Setting It Up The figures label the initial and final velocities of

the cue ball as Vii and VI/' respectively, and the final velocity of th~

struck ball as V2/' The given velocities are Vu = (1.20 m/s)j

and VI/ = (0.56 m/s) i + (0.80 m/s)].

Strategy We can find the initial and final momenta of the sum of

the two balls and use the conservation of momentum, which will re-

late the velocities in question. The only unknown is v2f.

Working It Out If m is the mass of each ball, the initial mo-

mentum is Pi = mVI i because the struck ball has an initial velocity

of zero. Then the conservation of momentum reads

mVIi = mVlf + mV2/.

This simplifies to Vii = vlf + V2/ or v2f = Vii - vlf' Numerically,

V2/ = Vii - vlf = (1.20 m/s)J - [(0.56 m/s) i + (0.80 m/s)JJ

= (-0.56 m/s] i + (0.40 m/s)].

This corresponds to a final speed of v2f = V(v~/,x + v~/,y) =

0.69 m/so

What Do You Think? In this example we specified some in-

formation about the final state (after the collision) as well as all the in-

formation about the initial state. If no information had been supplied

about the final state, could the statement that kinetic energy is con-

served, if it were true here, have allowed a full solution? Answers to

What Do You Think? questions are given in the back of the book.
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Conservation of Momentum for a System of Many Objects: The conservation of

momentum is not confined to a system of two interacting objects. Suppose that there

are three objects in a system on which no external forces act. [For example, you

could imagine three billiard balls on a table, the 1 ball and the 2 ball quite close to

one another and the 3 ball coming in to interact with both of them (Fig. 8-3).] Then

the total force F1 on object 1 is given by the sum of the forces on object 1 due to ob-

jects 2 and 3:

A FIGURE8-3 System of three

interacting objects. Any time one ball

touches another, there is a force between

those two balls.

(8-lOa)

Similarly, the total force F2 on object 2 is given by the sum of the forces on object 2 due

to objects 1 and 3; so

(8-10b)

and similarly,

(8-10c)

(Note that in Fig. 8-3 the 3 ball may not ever directly hit the 2 ball, so that in this case

F23 and F32 would be zero.) Adding these three equations and using F12 = - F2l>
F13 = - F31, and F23 = - F32 yield

dPl dP2 dP3 ~

---;It + ---;It + ---;It = F1 + F2 + F3

= F12 + F13 + F21 + F23 + F31 + F32 = o. (8-11)

Consequently, the sum of the momenta of the three objects is constant throughout the

motion:

P = PI + P2 + P3 = a constant. (8-12)

We can easily extend this demonstration to N interacting objects and prove that the sum

of the objects' momenta is constant throughout the motion.

ta.".2 Collisions and Impulse

What happens when objects collide? The word "collision" evokes the image of an ac-

tion with a short, sharp contact, such as the collision between two billiard balls or two

automobiles. We can more formally think of a collision between objects as an interac-

tion between them-a set of forces-that is limited in time. (Of course, the word "lim-

ited" allows us a lot of leeway.) We will want to think of the colliding objects as

otherwise isolated in order to be able to apply the conservation of momentum to the sit-

uation. Before we do so, it will pay us to study the idea of briefly acting forces, the kind

that occur in collisions, in more detail.

Impulsive Forces

We'll suppose that during a collision the force that alters the motion of the two objects

is active for only a short time !1t. We refer to such a force as an impulsive force. Over

the time !1t the momentum of the object on which the impulsive force acts undergoes a

momentum change !1p.We'll call this momentum change the impulse 1. (We also say
that an object receives or gives an impulse according to whether it is being acted on or

is the source of the impulsive force, respectively.) We write

(8-13)

A little calculus allows us to express the impulse for an impulsive force in terms of that

force. The change in momentum is the integral of the rate of change of momentum be-

tween the initial and final times that the force acts, and from Newton's second law, the

rate of change of momentum is the (impulsive) force F that acts on the object:



1= i~·(dP) if ~- dt = F dt.
t, dt t;

(8-14)

IMPULSE AND FORCE

We have used the fact that the force is zero outside the time interval !J..t = tf - t.,

Because the integral of force over time is the area under a curve of force versus

time, we can also represent the impulse as the product of the time interval !J..t and a

quantity that we may call the average force r: (Fig. 8--4). The average force refers to
the average value of the force over the time interval !J..t. In this case, the impulse or

change in momentum can be written in the form

(8-15)

Remember that this equation is a vector equation. In Example 8-3, however, the vector

aspect does not play a crucial role.

EXAMPLE 8-3 The magnitude of the average force exerted by

a bat on a baseball during the time of contact (a period of

2.00 X 10-3 s) is 6660 N. The mass of the baseball is 0.145 kg and its

speed is 33.5 m/s just before the bat collides with it. What is the ve-

locity of the ball when it leaves the bat? Assume that the ball leaves the

bat along the same line of direction from which it is pitched.
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F

o
Time

.•. FIGURE 8-4 If an impulsive force

acts on an object, its momentum will be

changed. That force acts over a time

period CH,varying with time as it acts.

The same change in momentum is

produced by another force that is constant

over t:J. t and takes the actual force's

average value over that time period.

The minus sign indicates that the ball moves in the negative direc-

tion, back toward the pitcher.

What Do You Think? Which sort of racket will allow you to

return a tennis ball with more velocity: an ordinary strung tennis

racket or a solid wooden paddle of the same shape and weight?

Setting It Up Figure 8-5 illustrates this problem. The x-axis is

horizontal and to the right. We know the average force magnitude Fav
and the time t1t over which it is applied. We are also given the ball's

mass m and its initial speed vo. The motion is one dimensional, in a

direction that we label as the x-axis, with the original direction of the

ball-the direction of the pitch-in the +x-direction. We want to

find the final velocity of the ball.
+x
~

"((CC~mvo
Strategy Because we know both Fav and t1t, we can find the

ball's impulse-the change in its momentum. Then we can use the

value of the impulse to find the ball's final momentum knowing its

initial momentum. We can then use its final momentum to find its

final speed.

Working It Out The momentu;n change PI - Pi of the ball is
given by Eq. (8-15), with Pi = mvo i. The direction of the force (and

hence of the impulse) is in the -x-direction, so from Eq. (8-15),

Pt = Pi + Fav t1t = (mvo - Fav t1t) i.

The final velocity is the final momentum divided by m:

_ _ ~ _ Pt _ mvo - Fa" t1t ~ _ ( Fav t1t) ~
Vt = Vt I - --;;; - m I - Vo - -----;;;- l.

Thus the final velocity is oriented along the x-axis, with x-

component

Start swing

Contact

(6660 N)(2.00 X 10-3 s)
VI = +33.5 m/s - ---------

0.145 kg
-58.4 m/so

.•. FIGURE 8-5 The direction of the impulse imparted to a ball hit

by a bat is to the left, in the - x-direction.
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THINK ABOUT THIS ...

HOW ARE THE FOUNDATIONS FOR TALL BUILDINGS MADE?

.•.. FIGURE 8-6 The pile driver is

one of the devices that enables us to build

large structures.

One way of constructing foundations (Fig.

8-6) is to drive vertical "piles" into the soil

down to bedrock and then anchor the building

to them. These piles are often made of steel. A

pile driver is used to force them into the

ground, and momentum and impulse are key to

the operation of this device. In Fig. 8~6, there

is a weight sitting within a cylinder that en-

closes the top of the pile. The weight is lifted

by exploding fuel and then drops back onto the

pile. During the fall, the weight gains momen-

tum. When it reaches the top of the pile, it is

brought to rest in an exceedingly short time

(determined by the compressibility of the

weight and the pile, and the distance the pile

moves). Thus the impulse to the dropped cylin-

der is large, and by Newton's third law there is

an equal and opposite impulse to the pile. In

turn, the pile delivers an impulse to the rock

and soil beneath it, breaking the rock and soil

and allowing the pile to move down until fric-

tion and normal forces bring it back to a stop.

The action is repeated, driving the pile further

down with each repetition.

•
Classification of Collisions

Attempts to understand collisions were carried out by Galileo and his contemporaries.

The description of collisions in one dimension were formulated by John Wallis,

Christopher Wren (best remembered today as an architect), and Christian Huygens in

1668, and the principle of the conservation of momentum plays a central role in under-

standing their results .

We can recap our previous discussion on the collision of two objects as follows:

The two objects move freely before the collision-no net forces act on either of them-

and each has its own constant momentum. During the brief interaction, their individual

momenta change because each object experiences an impulsive force due to the other

object. After the collision, the two objects are again free but have momenta that differ

from those they had before the collision. However, the impulses of the two objects are

equal and opposite because the forces each exerts on the other are equal and opposite,

so that the change in the momentum of one object is equal and opposite to the change in

momentum of the other. In other words, the sum of their momenta is unchanged. This

feature, the conservation of total momentum of the isolated system, provides a govern-

ing constraint. It will hold even if the objects stick together or, at the other extreme,

break apart into many pieces.

Suppose that initially object I has mass ml and velocity VI and object 2 has mass m2

and velocity V2. The total initial momentum is given by

(8-16)

Several distinct and interesting possibilities for what the final state can look like present

themselves. Figure 8-7 shows these cases and we enumerate them below. In the figure,

we have drawn the collision in one dimension, although we'll express the conservation

of momentum in more general form.

1. The two masses hit each other and stick together, coalescing into one, as in the col-

lision of two blobs of putty or a comet colliding with a planet. Figures 8-7a and b il-

lustrate the before and after for this case. If the mass of the single final object is M

and its velocity is V, momentum conservation reads

Mv = mlvl + m2v2' (8-17)

Mass conservation gives us the additional informationt that M = ml + m2'

2. The two masses can remain distinct and unchanged, as in the collision of billiard

balls (Fig. 8-7c). We label the final velocities vJ and V2, respectively, and momen-
tum conservation takes the form

(8-18)

.,.Because special relativity plays an important role in nuclear or subnuclear collisions, the conservation of

mass per se is only an approxirnation, and sometimes a very bad one, in those cases.
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(a) Before

(b) After

(c) After
Carts bounce off
each other and
don't coalesce.

3. Mass can be transferred from one object to the other such that after the collision one

would have two objects with masses m3 and m4' As an example, a carbon atom can

collide with a molecule of carbon dioxide to make two carbon monoxide molecules.

We label the final velocities of masses ms and m4 as 1}3 and 1}4' so that momentum

conservation reads

(8-19)

In this case mass conservation would add the information that m3 + m4 = m 1 + m2.

4. One or both of the objects can shatter into several pieces (a more complex possibil-

ity that we won't deal with in detail).

The vector equations above are indispensable tools for understanding collisions.

However, even given all the information about the initial state, they are generally not

enough to determine everything about the final state. Only in the case of coalescence

[Eq. (8-17)] are the three vector equations sufficient to determine the three components of

the single final velocity. In all the other cases, more information is required to understand

the details of the motion, and this is usually information about the energy of the objects.

Energy Considerations in Collisions

The degree to which the kinetic energy is conserved in a collision provides us with an-

other piece of information that we can use to help us understand the process. Although

for the reasons described in Chapter 7 the total energy is always conserved in a colli-

sion, some of the energy may be dissipated in ways that make it lost to us. For example,

when friction is present, some of the energy goes into heating. To take another example,

in a collision between two cars, some energy goes into the crumpling of metal, and as a

result there is less energy available for motion-the kinetic energy after the collision. If

the kinetic energy decrease is known (as in Example 8-4 below), we can use this infor-

mation to help us calculate the details of the motion after a collision.

The degree to which kinetic energy is conserved provides another way to classify

collisions. Kinetic energy is conserved if all the initial kinetic energy of the two collid-

ing objects goes into the kinetic energy of the objects present after the collision, and we

call the collision elastic. (We are assuming the objects retain their identities as well, as

in case 2 above, although that case also includes the possibility that energy is lost.)
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~ FIGURE 8-7 A collision between

two objects, as shown before the collision

in part (a), can have several outcomes.

The two objects shatter into several pieces

(not shown). (b) The two masses combine

as the objects coalesce into one object.

(c) Two objects leave the collision, each

with the mass of the original objects

respectively, drawn for the case of object

I continuing to move in the original

direction.
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When kinetic energy is lost, the collision is inelastic-we would also use this term if

kinetic energy is gained, something that might happen if the equivalent of an internal

spring is released during the collision. The situation in which two objects collide and

coalesce [case l , Eq. (8-17)] is called perfectly inelastic because, as we shall see in

Section 8-6, it corresponds to the maximum loss of kinetic energy.

EXAMPLE 8-4 A l4,000-kg truck and a 2000-kg car have a

head-on collision. Despite attempts to stop, the truck has a speed of

6.6 m/ s in the +x-direction when they collide and the car has a

speed of 8.8 m/ s in the - x-direction. If 10 percent of the initial total

kinetic energy is dissipated through damage to the vehicles, what are

the final velocities of the truck and the car after the collision? As-

sume that all motion takes place in one dimension.

Setting It Up Figure 8-8 shows the collision, with the

+x-direction to the right. The given masses of the truck and car are

M and m, respectively. The known initial velocity component of the

truck is Y; and that of the car is vi' We want to find the final velocity

components of the truck Vf and the car vf if 10 percent of the initial

kinetic energy is lost.

M

.•. FIGURE 8-8 Head-on collision between large truck and small car.

Strategy We can use the conservation of momentum, which, be-

cause the motion is one dimensional, is a single equation for the

x-component of velocity. The energy information we have is that the

final mechanical energy (all kinetic) is 90 percent of the initial ener-

gy. Both the initial momentum and initial energy are easily calculat-

ed from the given information. Thus our two conditions should be

enough to solve for the two unknowns.

Working It Out Momentum conservation reads

MVf + mVf = MY; + mo, sa Pi'

The initial total energy is the sum of the kinetic energies of the two

vehicles, K, = (MVr/2) + (mvr/2). The sum of the final kinetic

energies is 90 percent of this quantity, so

Kf = (MV}/2) + (mv}/2)

= 0.9[(MVfl2) + (mv[/2)J ss 0.9K;.

The two centered equations above are two algebraic equations for

the two unknowns Vf and "t-

Momentum conservation directly yields

Pi - mVf
Vf = M

Substituting this value into the energy relation, we have a quadratic

equation for vf:

This equation has solutions

2mpi ± V(2mpi)2 - 4(m2 + Mm)[pr - 2(0.9)MK;]

2(m2 + Mm)

When numbers are inserted for the two possible solutions represent-

ed by the ± sign, the solution with a minus sign gives a negative ve-

locity for the car and a positive velocity for the truck. This means

that the car continues its motion to the left, going "through" the

truck, while the truck similarly goes "through" the car. Since this is

not possible, the correct solution has the plus sign. Inserting num-

bers, we find

Vf = 17 m/s and Vf = 2.9 m/so

The truck continues in the +x-direction with a speed less than its ini-

tial speed; the car has completely reversed its direction and is mov-

ing even faster than its initial speed. The car has "bounced" from the

much more massive truck, much like a tennis ball against a tennis

racket. Analysis of this type is used by crash-scene investigators.

Adding information such as stopping distance under friction, they

can learn, for example, the speeds and directions of the vehicles just

before the crash.

What Do You Think? Assuming that they are protected from

injury directly associated with the automobile collapsing on them,

which would be better for the occupants of the car, an elastic or an

inelastic collision?

;*8:--3 Perfectly Inelastic Collisions; Explosions

Perfectly Inelastic Collisions

There is a range of possible collisions from elastic to inelastic to perfectly inelastic, ac-

cording to how much kinetic energy is lost. The simplest is the case of perfectly inelas-

tic collisions in one dimension, which are those in which the objects coalesce as a result

of the collision. For example, an asteroid hitting Earth would be a perfectly inelastic

collision. Momentum conservation for these collisions are described by Eq. (8-17).
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Before

After

••• FIGURE 8-9 A cart with mass 1nl

and velocity VI collides with a cart of
mass 1n2 at rest. The two carts stick

together and move on together with

velocity v.

Mass conservation implies that M = mj + ma We can divide Eq. (8-17) by this fac-
tor. The velocity of the coalesced object then becomes (in one-dimensional motion)

mjvj + m2v2

M
(8-20)V=

Let's analyze this result for some special cases.

If one of the objects (m2) is at rest (V2 = 0) and the other (m j) runs into it (Fig. 8-9),

then

(8-21)

If mj » m2, the "composite" object will move with a velocity nearly equal to that of

the initially moving object; a car colliding with a bug does not slow down very much. In

contrast, when mj « m2, as when a stationary athlete catches a ball, we get the oppo-

site effect; that is, the athlete will recoil with only a low velocity, just the fraction

mI!(mj + m2) ~ mI!m2ofthevelocityoftheball.

Next, consider the case of a head-on collision in which the two objects have equal

and opposite velocities (V2 = -Vj). In this case, Eq. (8-20) becomes

mj - m2
V = Vj.

ml + m:

In the special case that ml = m2, the two objects have equal and opposite momenta

because

(8-22)

(8-23)

In that case, the final momentum must be zero and thus v = 0, as Eq. (8-22) verifies.

The objects collide and come to rest.

Energy Loss in Perfectly Inelastic Collisions: Let's find the change in energy for the col-

lision described above. Before the collision, the total energy E, is the sum of the kinetic en-

ergies of the two objects. The final energy Ef is the kinetic energy of the composite object

of mass M = ml + m2. The change in energy !:J.E = Ef - E, is, using Eq. (8-20),

1 2 (1 2 1 2)!:J.E = 2Mv - 2mlVl + 2m2V2

1M(mlVj + m2v2)2 (1 2 1 2)
= "2 M2 - "2mlVj + "2m2V2

2 2 2 2 2 (2 2)I mlvl + mlm2vjv2 + m2v2 - M mlvl + m2v2

2 M

1mlm2( -vI - v~ + 2VlV2)

2 M
(8-24)
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The right-hand side of Eq. (8-24) is always negative, corresponding to an energy loss,

or to an inelastic collision. As to why the situation studied here is perfectly inelastic, see

the Think About This box in Section 8-6.

EXAMPLE 8-5 A dog who jumps into the interior of a sta-

tionary ice boat is moving at Vj = 32 krn/h when he enters the boat

(Fig. 8-10), and his landing on the boat can be regarded as a colli-

sion. The dog's mass is 14 kg and that of the boat plus boater is

160 kg. You can assume all the motion is horizontal. (a) Assuming

that the ice surface is frictionless, what is the velocity of the boat

after the collision? (b) What is the ratio of the energy loss to the ini-

tial energy?

.•. FIGURE 8-10 A dog jumping into the boat changes the boat's

momentum.

Setting It Up We specify that the motion is in the x-direction

by adding an axis to Fig. 8-10. We know the dog's mass ml and that

of the boat and person, m2. We also know the dog's velocity before

the collision, or equivalently its x-component Vj, as well as the

boat's (V2 = 0). We want the velocity x-component v of the boat

after the collision and the ratio of the energy loss !::>.Eto the initial ki-

netic energy Ki.

Strategy This is a perfectly inelastic collision, so conservation of

momentum applied to the collision that occurs when the dog enters the

boat will determine the boat's velocity after the collision. With all

speeds known, we are left with a direct calculation of the kinetic ener-

gy before and after the collision to find the needed energy ratio.

Working It Out (a) The initial momentum has only the x-

component,

The final momentum is given by P] = Mv, where M = ml + m2'

Equating P] and Pi, we find M v = m IVI , or

mlvj (14 kg)(32 km/h)
v = -- = ------ = 2.6 km/h = 0.72 m/so

M 174 kg

(b) The initial energy is the kinetic energy of the dog, K, = ~m 1vr.
The final energy is again all in the form of kinetic energy:

_12_1 (m1VI)2_1(m1) 2_m]
Kf - 2.MV - 2.M M - 2. M mlvl - M s;

Thus the energy loss is given by

ml (m1)!::>.E = K - K
f
= K - - K = K 1 - - .

l l M l I M'

and the ratio of the energy loss to the initial energy is

!::>.E

Ki

ml

M

a number less than 1. The energy has decreased. Numerically,

!::>.E 160 kg
- = -- = 0.92.
s, 174 kg

What Do You Think? Kinetic energy is lost. Which of the fol-

lowing is correct? (a) It went into gravitational energy. (b) It went

into the dog and boater "giving and stretching" as the dog lands.

(c) It went into melting the ice.

EXAMPLE 8-6 A 10-g bullet is fired in the +x-direction into

a stationary block of wood that has a mass of 5.0 kg. The speed of the

bullet before entry into the wood block is 500 m/ s. What is the speed

of the block just after the bullet has become embedded? What dis-

tance will the block slide on a surface with a coefficient of friction

equal to 0.30?

Setting It Up We have drawn the situation in Fig. 8-11. Posi-

tive x is to the right. We label the known mass of the bullet as ml, its

known initial velocity as v] = VI i, and the known total mass of

block and bullet as M. We want to find the distance d the block will

slide on a surface for which there is a known coefficient of kinetic

(sliding) friction ILk.

Strategy We can use conservation of momentum to find the ve-

locity of the block and bullet immediately after the collision, then

Newton's second law to find the friction-induced negative accelera-

tion of the block. Knowing the acceleration and the initial condition,

kinematic relations will give us the distance d the block moves.

(a) (b)

.•. FIGURE 8-11 A bullet fired into a stationary block of wood

moves the block.



Working It Out The x-component of the initial momentum is

Pi = ml VI, while the momentum immediately after the collision is

Mv. Momentum conservation gives

mlVl = Mv;

ml 109
V = M VI = 5010 g (500 m/s) = 1.0 m/so

We now turn to the problem of finding the acceleration given the

value V of the initial speed of the bullet-block composite. The nor-

mal force N on the block from the table has magnitude Mg, so the

force of friction between block and table is - fLkN = - fLkM g. (The

minus sign indicates that friction points to the left, along the

- x-direction.) The friction force has constant magnitude and leads
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to a constant acceleration a of the block, according to Newton's sec-

ond law, namely Fnet = M a reads - fLkM g = M a, or

a = -fLkg.

The negative sign means the block slows down, traveling a distance d

before it stops (Fig. 8-11b). Because the acceleration is uniform, we

can use the relation v} - vt = 2ad [from Eq. (2-24)]. With vf = 0

and the initial speed Vi = V above, we have

VT 1 v2
d = --=--

2a 2 fLkg

1 (1.0 mjs)2
--------2- = 0.17 m.
2 (0.30)(9.8 mjs )

What Do You Think? In what way could we have used the fact

that the mass of the bullet is much less than the mass of the block?

Explosions

Imagine that we were to film a perfectly inelastic collision in a frame of reference in

which the total momentum is zero. In this reference system, the two objects approach

each other and merge, leaving a composite object at rest. If we ran the film in reverse, it

would look like a film of an explosion. The "initial" object of mass M = ml + m2, at

rest, breaks up into two objects, ml and m2, with their total momentum equal to zero,

(8-25)

Energy conservation tells us that an explosion is possible if there is an initial potential

energy U within the "un exploded" system that can be converted into kinetic energy. For

the case we are referring to here, this could be as simple as a compressed spring be-

tween two masses that is then released. We'll have

- 1 2 1 2 (8 6U - 2:mlvj + 2:m2v2' -2 )

An explosion can involve many more than two objects in the final state. In the explosion

of, say, dynamite, the potential energy is stored in its molecules, in the form we call chem-

ical energy. To take another example, Fig. 8-12 shows the remnants of a stellar explosion

far from Earth. In these more complicated cases, we will always have the overriding sim-

plicity that the initial momentum of the system before it explodes is the same as the sum

of the momentum of all the fragments after the explosion. Let's next take a look at an ex-

plosion that occurs when an unstable atomic nucleus disintegrates-a nuclear decay.

.•••.FIGURE 8-12 A small portion of

the Cygnus Loop supernova blast wave

passes through clouds of interstellar gas.

The collision heats and compresses the gas,

which causes the glow. Such images taken

by the Rubble Space Telescope reveals the

structure of the interstellar medium.

-------_._- - --------------------------------------~
EXAMPLE 8-7 One type of polonium nucleus (symbol 21Opo),

with mass 3.49 X 10-25 kg, can decay into an Cl' particle (actually a

helium nucleus), mass 6.64 X 10-27 kg, and a certain type of lead

nucleus (symbol 206Pb), mass 3.42 X 10-25 kg:

210pO-? Cl' + 206Pb.

In this process, the final decay products have a kinetic energy of

8.65 X 10-13 J if the polonium nucleus decays at rest, the situation

we consider here. What are the speeds of the Cl' particle and the lead

nucleus?

Setting It Up We show the decay in Fig. 8-13. With a decay

from rest into two bodies, the momenta of the two decay products

must go off back to back because that is the only way they can add to

zero. We call this direction the x-axis. We label the known masses of

the alpha particle, the polonium nucleus, and the lead nucleus as

Mo:, Mpo, and Mpb, respectively, and we denote the known kinetic

energy in the final state as Q.We want to find the speeds Vo:and vPb

of the alpha particle and lead nucleus, respectively.

Strategy Conservation of (one-dimensional) momentum is a

single equation involving both speeds, as is the known final energy

value. Therefore we have two equations for the two unknowns.

210pO

Before After

.•••.FIGURE 8-13 Decay of a nucleus. Before: Original nucleus.

After: Two outgoing fragments that result from the decay (explosion).

Working It Out Conservation of momentum and the expres-

sion for the kinetic energy read, respectively,

st,»; = MpbvPb;

Q = ~Mo:v; + ~MpbV~b'

These two equations can be solved for the two variables Vo:and Vpb'

(continues on next page)
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This decay is a form of radioactivity; the fragments could con-

ceivably be dangerous. A relevant element is the energy carried by

the two fragments, and you should be able to calculate the kinetic en-

ergy of each one.

Substitution of the known numerical values gives

Vc> = 1.60 X 107 m/s and Vpb = 3.10 X 105 m/so The speed of the

0' is about 5 percent of the speed of light, and this is where special

relativity begins to play a role-we have ignored that here of course.

What Do You Think? An object at rest explodes into two

fragments of unequal mass. Which of the following is true? (a) The

lighter fragment could have the same speed as the heavier fragment

but most often moves more quickly. (b) The lighter fragment always

moves off more quickly. (c) The lighter fragment can move off more

slowly, depending on the details of the explosion.

HOW DOES A JET ENGINE WORK?

THINK ABOUT THIS ...

•. FIGURE 8-14 Ajetengine

propels an airplane through the operation

of the conservation of momentum.

Conservation of momentum is one way to un-

derstand the operation of a jet engine (Fig.

8-14). Air is brought into the front of the en-

gine by intake fans. The air, containing oxygen

molecules (02), is then mixed with fuel.

Among chemical reactions that occur during

the ensuing combustion, there is the production

of two water molecules (H20) for each 02'

This doubles the volume of that part of the oxy-

gen from the air that combines with the hydro-

gen. Other combustion reactions leave the

number of molecules and hence the volume of

the air unchanged, and some part of the air,

principally the nitrogen, undergoes no chemi-

cal reaction. Because of the water-producing

reaction, the net effect is that a bigger volume

of gas must leave the engine than entered it. To

be able to keep up the continuous action of the

engine, the outgoing gas must therefore leave

with a velocity greater than the incoming veloc-

ity; the combustion provides the necessary

kinetic energy to enable this to happen. Fur-

thermore, the mass of the departing gas is

larger, since the mass of the fuel used in com-

bustion has been added to it. Thus the outgoing

gas has substantially larger momentum in the

backward direction than the incoming gas. To

conserve the momentum of the entire system,

the airplane gains momentum in the forward di-

rection. The force that makes the escaping gas

accelerate out the back has its third law partner

in a forward force on the airplane.

•

S:;..4Elastic Two-Body Collisions in One Dimension

Let's continue to work in one dimension. As usual, the word "velocity" will mean the

velocity component in the direction of motion; this can be positive or negative. In an

elastic collision, there is no mass transfer from one object to another. Further, all the ki-

netic energy in the initial state goes into kinetic energy in the .final state. If the final ve-

locities of objects 1 and 2 are denoted by vi and V2, then, in addition to the momentum
conservation equation for one dimension,

(8-27)

we have the energy conservation equation

1 2 I 2 I /2 + I /2
2mlvI + 2m2v2 = 2mIvI 2m2v2 . (8-28)

With this information we can find the final velocities of the colliding objects if their

initial velocities are known. We rewrite the momentum conservation equation (8-27) as

(8-29)

We use the fact that VI v? = (VI - vl)( VI + vl) and v~ v!l - (V2 - V2)

(V2 + V2) to rewrite the energy conservation equation (8-28) in the form

(8-30)

Dividing both sides of Eq. (8-30) by the two sides of Eq. (8-29) leads to the equation

VI + vi = v2 + V2' (8-31)
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If we use the letter u to denote the relative velocity of the two colliding objects, then

Ui = vl - V2 and Uf = vI - V2·

Using these quantities, Eq. (8-31) can be written in the form

u, = -ufo (8-32)

Equation (8-32) states that when the collision is elastic, the relative velocity of the col-

liding objects changes sign but does not change magnitude. A simple way to remember

this result is that the relative velocity behaves like the velocity of a perfectly elastic rub-

ber ball hitting a brick wall.

We may solve Eq. (8-31) for one of the unknown variables, V2, for example,

V2 = Vl - V2 + vj,

and substitute this value into the momentum conservation equation (8-27). We then have

mlvj + m2v2 = mlvi + m2(vl - v2 + vI),

which may be rewritten in the form

(ml + m2)vI = (ml - m2)vl + 2m2v2;

I _ ml - m2 2m2
vl - ----Vl + ----V2·

ml + m: ml + m2
(8-33)

A similar calculation leads to the formula

I _ 2ml m2 - ml
V2 - ----vl + ----v2·

ml + m2 mJ+ m2

These equations are complicated and it is useful to consider two special cases that sim-

plify them.

(8-34)

1. Object 2 is initially at rest. We set v2 = 0, so Eqs. (8-33) and (8-34) become

ml - m2
vI = ----vl

ml + m2

(8-3Sa)

and

2ml
V2= ----Vj.

ml + m2

(8-3Sb)

Let's consider the following situations (in all of which object 2 is initially at rest):

a. The objects have equal masses (Fig. 8-1Sa). In this case, vI = ° and V2 = Vl.

The two objects in effect change roles: The moving object comes to rest and the

object that was initially at rest moves with the initial velocity of the first object.

This effect can be seen vividly in hard billiard shots along a line.

Before

G_

(a)

0,11 Vv1)" 11 v2'~----
----

(b)

(c)

••••FIGURE 8-15 Two objects collide

elastically in one dimension, with the

second object initially at rest. (a) If the

two masses are equal, the objects simply

exchange velocities. (b) If 1nl » 1n2,

both objects move off to the right. (c) If

1n2 » In), mass In 1 reverses its

direction and 1n2 moves slowly off to the
right.
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b. Mass ml » mass m2 (Fig. 8-15b). In this case, Eqs. (8-35) yield vI "= VI and

V2 "= 2vI. The velocity of the moving object decreases a little, while the object

that was at rest picks up almost twice the velocity of the incoming object.

c. Mass mz » mass ml (Fig. 8-15c). In this case, Eqs. (8-35) yield vI "= -VI

and V2 "= (2mI/m2)vI. The moving object very nearly reverses its velocity,

while the object initially at rest recoils with a very small velocity. In the limit

that m2 approaches infinity, the recoil velocity can be neglected and the final ve-

locity of the first object is equal and opposite to its incident velocity. This is just

what happens when a tennis ball is bounced off a wall.

2. The initial total momentum is zero. The two objects approach each other with veloc-

ities such that the initial total momentum is zero, ml VI + m2v2 = O. Thus

ml
v2 = --VI·

m2

When this value is substituted into Eq. (8-33), we find

vI = ml - m2V1 + ( 2m2 )(_ ml)VI = (ml - m2 - 2ml)VI = -VI.

ml + m: ml + m2 m: ml + m2

The initial total momentum was zero and so, by momentum conservation, the final

total momentum (mlvl + m2v2) is also zero and

(8-36)

(8-37)

ml I ml
V2 = - m2 VI = m2 VI = -V2·

Therefore, in the case where the total momentum is zero, the velocities of the ob-

jects are unchanged in magnitude but they change sign. In effect, under these cir-

cumstances, each of the objects acts as if it hit an infinitely massive brick wall.

(8-38)

EXAMPLE 8-8 Two spheres with masses of 1.0 and 1.5 kg

hang at rest at the ends of strings that are both 1.5 m long. These two

strings are attached to the same point on the ceiling. The lighter

sphere is pulled aside so that its string makes an angle 8i = 60° with

the vertical. The lighter sphere is then released and the two spheres

collide elastically. When they rebound, what is the largest angle with

respect to the vertical that the string holding the lighter sphere

makes?

Setting It Up We specify in Fig. 8-16a an initial angle (Ji and in

Fig. 8-16b a final angle (Jf. We know the values of the light mass m 1

and the heavy mass m2. The string length L and the initial angle 8i

are also known. We want the rebound angle, (JI> of the lighter mass

after the collision.

,,,
.....•.•.• \\

/(

(a)

Strategy Conservation of energy, including the initial gravita-

tional potential energy, gives us the speed of the lighter mass before

the collision. The collision is elastic, so we have available to us the

conservation both of momentum and of energy as they apply to the

collision. These will give us the recoil velocity of the lighter mass

and we can then apply conservation of energy, including the gravita-

tional potential energy, to find the height to which the lighter mass

rises. Geometry then gives us the final angle.

Working It Out We begin by calculating the initial potential

energy, which is converted to kinetic energy when sphere 1 swings

down to the minimum point (neglecting air resistance). The mass

ml is raised a distance L(1 - cos (Ji) = L(1 - cos 60°) = L/2

above the minimum point. With the potential energy zero when

the spheres are hanging vertically, the initial potential energy of the

system is U, = mlgL/2. Conservation of energy then gives

~mlv? = ~mlgL, or

(b)

.• FIGURE 8-16 Two spheres hang from strings of equal length.

(a) Sphere m 1 is pulled back to the left at an angle ()i and released. It

collides with sphere m i, which is at rest. (b) The balls recoil, with sphere

m 1 reaching a maximum height characterized by the angle (Jf.
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We now treat the collision, which takes place at the bottom of the

swing, where v) is horizontal, VI = Vj i. (In fact, the collision itself
is a one-dimensional one, with all motion aligned with the .c-axis,so

we'll drop the explicit vector notation and write all our equations for

the collision in terms of the x-cornponents of the vectorial quantities

momentum and velocity.) The initial momentum is

Pi = mjvj + m2v2 = mjv!.

To find the velocities VI and V2, we use conservation of momentum,
which states P] = Pi, or

(8-39)

The collision is elastic, so we can also use Eq. (8-32), which is a

consequence of energy conservation and which states that the initial

relative velocity and the final relative velocity are equal in magnitude

but opposite in sign.With

Vrel,initia! = v) - V2 = Vj,

we have a final relative velocity of

Vrel,fina! = VI - V2 = -Vrel,initia! = -V!. (8-40)

Equations (8-39) and (8-40) are two simultaneous equations that

can be solved for VI and V2. We are interested only in the final ve-
locity of the lighter sphere, and the solution for this quantity is

With m2 larger than mj, this quantity is negative, indicating that the

lighter sphere recoils back to the left.

We next find the height to which m) recoils. The kinetic energy

right after the collision, m) v? /2, is converted into gravitational po-

tential energy U = nu g]: as the sphere rises by h. At the top of the

recoil motion, all the kinetic energy is converted to potential energy.

As Fig. 8-16b shows, the height risen is L(1 - cos 8f), so we have

mlgL(l - cos 8f) = !m]v?

Numerically,

v? (ml - m2)2 (m) - m2?
- cos8f = -- = gL-- =

2gL (ml + m2)2 2gL 2(m] + m2)2

(1.0 kg - 1.5kg)2
= ------ = 0020
2( 1.0kg + 1.5kg)2 . ,

or 8f = 11°.

What Do You Think? Describe the same process in the case

that the two masses are equal.

-----

8-5 Elastic Collisions in Two and Three Dimensions

In one dimension, the possible motion of colliding objects is limited. When collisions

are no longer restricted to lie along a line, as when billiard balls collide on a billiard

table, the vector nature of the mathematical equations becomes important. We work

here with collisions in which the identities of the two objects are preserved and in which

kinetic energy is conserved.

The law of conservation of momentum [Eq. (8-9)] for the collision of two objects of

masses mj and ms. with initial velocities v) and 132 and final velocities 131 and 132, reads

The energy conservation law is

(8-41)

(8-42)

Let's first consider collisions in two dimensions, where everything happens in a

plane, such as the xy-plane shown in Fig. 8-17. The collision of billiard balls on a bil-

liard table represents this case, but with equal masses. Given information about the ini-

tial motions, we want to find the magnitudes of the final velocities and the angles they

make with the x-axis. Equivalently, we want the x- and y-components of the final veloc-

ities of objects 1 and 2. There are four unknowns but only three equations. [Equation

(8-41) is a vector equation and actually comprises two equations: one for the x-compo-

nents and one for the y-components.] Therefore, for a given set of initial velocities,

there is no unique solution for the final velocities and the final objects can move in a va-

riety of directions with a variety of speeds. Nevertheless, the three equations do impose

substantial constraints.

An interesting example of these constraints occurs when the two masses have iden-

tical values m and one of the objects is initially at rest. This is very literally the billiards

case, in which the projectile is the cue ball and the target is initially stationary. Figure

8-18 shows the geometry-we have chosen object 2 to be initially at rest, V2 = 0. After

canceling a common factor of m, we take the square of Eq. (8-41) (the square of a vec-

tor equation A = B implies A· A = B· B).With V2 = 0, we find

(8-43)

.•. FIGURE 8-17 Anobjectof massm I

andvelocityVI collideswithanotherobject
ofmassm2 andvelocityV2 in two
dimensions.

Equalmassballs
exit90°to each
other.

.•. FIGURE 8-18 Anobjectofmassm 1

andvelocityVI collideselasticallywithan
objectof the samemassat rest.Theangle
betweenthefinalvelocitiesis 90°.
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We can also cancel a common factor of! m from Eq. (8-42), leaving, with V2 = 0,

vI = vI2 + v!}. (8-44)

Comparing Eqs. (8-43) and (8-44), we conclude that vI . V2 0. In other words, the

final velocity vectors VI and V2 are perpendicular to one another. The fact that the angle

between the velocities of the outgoing cue ball and the recoiling target ball is a right

angle is a fact well known to billiards players (Fig. 8-18). (If spins come in, then this is

no longer necessarily true.) It is also worthwhile noting what Eq. (8-44) tells us: The

final velocities form the sides of a right triangle whose hypotenuse has magnitude IVII.

CONCEPTUAL EXAMPLE 8-9 There are two near ex-

tremes that describe billiard shots. In the first, the cue ball strikes the

target ball nearly head on and the target ball moves rapidly in nearly

the original direction of the cue ball. In the second, the cue ball bare-

ly grazes the target ball and the cue ball continues with nearly the

same speed in its original direction. Qualitatively, what happens to

the cue ball in the first case and what happens to the target ball in the

second case?

Answer Carried to the limit, these are one-dimensional colli-

sions. In the limit of the first collision, the cue ball stops dead, and in

the limit of the second collision the cue ball just misses the target

ball, which therefore does not move. The answer to our question

must be close to these cases. The billiard balls have equal masses,

and the target ball is originally at rest, so that we also have "right

angle rules," in which the final velocities obey a right triangle rule

[Eq. (8-44)] and the billiard ball motions after the collision make a

right angle. Thus in the first case the cue ball moves off slowly at

nearly a right angle to the original direction of motion. In the second

case the target ball moves slowly off to the side at nearly a right

angle to the original direction of motion.

EXAMPLE 8-10 Two billiard balls of equal mass In approach

each other along the x-axis; one is moving to the right with a speed

of VI = 10 m/s and the other is moving to the left with a speed of

v2 = 5 m/so After the collision, which is elastic, one of the balls

moves in the direction of the y-axis (Fig. 8-19). What are the veloci-

ties VI and V2 of the balls after the collision?

Before

y

m
x

.•. FIGURE 8-19 Two billiard balls approach, collide, and change

directions.

Setting It Up Figure 8-19 shows the situation together with the

x- and y-axes. The initial speeds Vj and V2 are specified in the prob-

lem, as is the direction of the final velocity VI = vj] of one of the

balls-this ball has only one final velocity component. We do not

know the value of the mass In, which will in fact cancel. We want the

final velocities of the two balls, vj and V2.

Strategy If we use the momentum conservation equation and di-

vide by the common factor of In, we deal with a conservation of ve-

locities. Because the collision is elastic, we can also use the

conservation of kinetic energy, from which a common factor of In

also cancels. The unknown mass In will cancel from the problem. We

will want to count equations to make sure we have enough informa-

tion to find the unknowns, which are the three final velocity compo-

nents, one for ball 1 and two for ball 2. Assuming there is enough

information, we can algebraically solve for the velocity components.

Working It Out With the cancellation of the mass factors, the

momentum and energy conservation equations read

The balls move in the xy-plane, so the first equation stands for two com-

ponent equations and the second equation provides a third. There are

three unknowns, the single component of VI and the two components
of V2' The problem is thus solvable. Writing V2 = V2x i + V2y], mo-
mentum conservation reads

(la m/s ) i + (-5 m/s) i = VI] + V2xi + V2y].

We now separately equate the coefficients of i and of j; that is, we
use the fact that momentum conservation holds in the x-direction and

in the y-direction separately. We find

V2x = (lOm/s) + (-5m/s) = 5m/s and V2y = -vj.

The energy conservation equation reads similarly

(10 m/sf + (-5m/s)2 = v? + (V2~ + V2~)'

100 m
2
/s
2 + 25 m2/s2 = v? + 25 m

2
/s2 + v?

Thus we have 100 m2/s2 = 2v?, or VI = V50 m/so We also have
V2y = - V50 m/so

Although the collisions of real billiard balls are quite elastic, this is not the case for

many other real collisions. A high-speed photograph of a baseball meeting a baseball

bat (Fig. 8-20) shows that the ball undergoes significant deformation, which, even

though the deformation is not permanent, usually means that there is inelasticity, that is,

some energy is lost in the collision.


